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Input: pairs of  unit vectors in Rn: (x1, y1), (x2, y2Ɋȟ ȣȟ ɉxT, yT)

Assumption: yt = Rxt + noise, where Ris an 
unknown rotation matrix

Problem:ÆÉÎÄ ȰÂÅÓÔ-ÆÉÔȱ ÒÏÔÁÔÉÏÎ ÍÁÔÒÉØ ÆÏÒ ÔÈÅ ÄÁÔÁȟ ÉȢÅȢ
argminRät kRxtɀytk2



ÁkRxtɀytk2 = kRxtk2 + kytk2ɀ2(yt xt
> ) ² R

=  2 - 2(yt xt
> ) ² R.

ÁargminRät kRxtɀytk2 = argmaxRät yt xt
> ² R

ÁComputing  argmaxRM² R: Ȱ7ÁÈÂÁȭÓÐÒÏÂÌÅÍȱ
ÁCan be solved using SVDof M

A ² B = Tr(A> B) = 
äij AijBij

Linear in R
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Choose rot matrix R1

Predict R1x1

L1(R1) =  kR1x1ɀy1k2

Choose rot matrix R2

Predict R2x2

L2(R2) =  kR2x2ɀy2k2

Choose rot matrix RT

Predict RTxT

LT(RT) =  kRTxTɀyTk2

R2x2
RTxT

Goal:Minimize regret:
Regret  =  ät Lt(Rt) ɀminRät Lt(R)

Open problem 
from COLT 2008 
[Smith, Warmuth]



ÁRot matrix ́ orthogonal matrix of determinant 1
ÁSet of rot matrices, SO(n):

ÁNon-convex: so online convex optimization techniques 
like gradient descent, exponentiatedgradient, etc. 
ÄÏÎȭÔ ÁÐÐÌÙ ÄÉÒÅÃÔÌÙ

ÁLie group with Lie algebra = set of all skew-symmetric
matrices

ÁLie group gives universal representationfor all Lie 
groups via a conformal embedding



Á[Aroraȟ .)03 ȭΦίɎ using Lie group/Lie algebra 
structure

ÁBased on matrix exponentiatedgradient: 
matrix exp maps Lie algebra to Lie group

ÁDeterministicalgorithm

ÁW(T) lower bound on any such deterministic 
algorithm, so randomization is crucial



ÁAssume for convenience that n is even.
ÁBad example: xt = e1, yt = -Rtxt.
ÁLt(Rt) = kRtxt - ytk2 = k2ytk2 = 4. So total loss = 4T.

ÁSince n is even, both I, -I are rot matrices, and
ät Lt(I) + Lt(-I) = ät 2kytk2 + 2kxtk2 = 4T.

ÁHence, minRät Lt(R) · 2T.
ÁSo, Regret ̧ 2T.

Adversary can compute Rt

since alg is deterministic



ÁRandomized algorithm with expected regret 
O(p nL), where L = minRät Lt(R)

ÁLower bound on regret of anyonline learning 
algorithm for choosing rot matrices of W(p nT)

ÁUsing Hannan/Kalai-6ÅÍÐÁÌÁȭÓFollow-The-
Perturbed-Leadertechnique based on linearity 
of loss function



Sample noise matrix N with i.i.d entries
distributed uniformly in [-1/h, 1/h]

In round t, use Rt = argminRä1

t-1
Li(R)  - N ² R.

Thmɍ+6ȭΦΫɎȡRegret  · O(n5/4p T).

Using  SVD  solution to 
7ÁÈÂÁȭÓproblem


